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Abstract 

We give parallel constructions of an invariant R(1F, p), based on the classi¬ 
cal Rogers dilogarithm, and of quantum hyperbolic invariants (QHI), based 
on the Faddeev-Kashaev quantum dilogarithms, for flat PSL{2, C)-bundles p 
over closed oriented 3-manifolds W. All these invariants are explicitely com¬ 
puted as a sum or state sums over the same hyperbolic ideal tetrahedra of the 
idealization of any fixed simplicial 1-cocycle description of {W,p) of a special 
kind, called a O-triangulation. R(1F, p) recovers the volume and the Chern- 
Simons invariant of p, and we conjecture that it determines the semi-classical 
limit of the QHI. 

Keywords: state sum invariants, Cheeger-Chern-Simons invariants, dilogarithms, 
scissors congruences, volume conjecture. 

1 Introduction 

This text is a summary of our recent results. We give here with full details the 
complete apparatus of definitions, constructions and statements, with comments 
on the key points explaining the logic of our work. The proofs will be given in a 
forthcoming expanded version of this paper. Our aim here is to allow the interested 
reader to have, as much as possible, a quick access to these results. Concerning 
the (omitted) proofs, they are basically of two kinds: either verifications via careful 
computations with certain special functions, or geometric manipulations of (suitably 
decorated) triangulations of 3-manifolds. For the second ones, as well as for many 
properties of the special functions, one has, in fact, to repeat with mild modifications 
the arguments that are explained in full details in {Sections 1-6 -I- the Appendix} 
of Q. The present paper also accomplishes the ‘ideology’ underlying Sections 7- 
9 of H], which are, by the way, completely surpassed. The results of the present 
paper, limited to characters with values in a Borel subgroup of PSL{2, C), had been 
announced in Q. 
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In Section for any compact closed oriented 3-manifold W equipped with a char¬ 
acter p with values in PSL{2,C), one introduces special descriptions of {W,p) via 
simplicial P«S'L(2, C)-valued 1-cocycles, called I?-triangulations. A simple and ge¬ 
ometrically meaningful procedure of idealization converts every P-triangulation T 
into an Z-triangulation Tj made by hyperbolic ideal tetrahedra with ordered ver¬ 
tices. 

In Section one constructs a suitably uniformized version R of the classical Rogers 
dilogarithm L. We interpret R as a function of ideal tetrahedra with ordered vertices, 
enriched with suitable Z-valued decorations of the edges that induce log-branches 
on the triples of moduli. It behaves well up to tetrahedral symmetries, and it 
verifies nice functional five term identities which lift arbitrary 2 <-5- 3 moves on ideal 
triangulations. This section is largely inspired by W. Neumann’s papers p0|| . 

In Section^, one states that the signed sum R{Tx, /) of the R-values of the tetra¬ 
hedra of any fixed idealized triangulation Tj (suitably enriched with a global flat¬ 
tening /, which induces a coherent log-branch system) well defines an invariant 
R(IT, p) S C/(7r^/6)Z, called the dilogarithmic invariant. This refines the C/tt^Q- 
valued Dupont-Sah’s description of the second Cheeger-Chern-Simons class for flat 
SL{2, C)-bundles. In particular, R(IT, p) recovers the volume and the Chern-Simons 
invariant of the character p. We stress that the proof of invariance does not use 
any sophisticated group-cohomological argument: one shows directly that any two 
arbitrary (enriched) X-triangulations for {W, p) can be connected by so-called (en¬ 
riched) X-transits. These transits are supported by usual elementary moves on bare 
triangulations, and dominated by V-transits between 2?-triangulations. 

The dilogarithmic invariant emerged as a natural ‘classical’ counterpart from the 
effort in understanding the structure of the quantum hyperbolic invariants (QHI), 
that we had constructed in {Sections 1-6 -I- the Appendix} of for triples {W, L, p), 
where L is a non-empty link in W and p is only a R-valued character (B is the Borel 
subgroup of SL{2, C) of upper triangular matrices). The main ingredient of the QHI 
are the Faddeev-Kashaev (non symmetric) quantum dilogarithms. In Section one 
revisits the R-QHI construction in the spirit of the dilogarithmic invariant’s one, 
and one realizes that: 

(1) For any PS'L(2, C)-character p, by using the quantum dilogarithms one can 
define state sums supported by the idealization Tj of any X>-triangulation T for 
(IT, p). These state sums do not yet define an invariant because they do not behave 
well up to tetrahedral symmetries, and they verify only some special instances of 
five term identities. 

(2) A specific procedure of local symmetrization of the quantum dilogarithms 
leads to fix an arbitrary non-empty link L in IT in order to fix one coherent glob¬ 
alization. This is supported by any X>-triangulation T for (W, p) in which the link 
L is realized as a Hamiltonian subcomplex H. The symmetrization of the quantum 
dilogarithms is governed by any fixed integral charge c relative to H. A charge is 
formally similar to the flattenings used for the dilogarithmic invariant, the main 
difference being that it is moduli-independent. It has a global structure which de¬ 
pends on the link-fixing, and eventually encodes the link itself. All this gives the 
notion of 2?-triangulation (T,H,c) for the triple {W,L,p), and any such triangula¬ 
tion supports suitably modified state sums Hpf{Tx,c) indexed by the odd integers 
N >1. 

(3) The modified state sums satisfy all instances of five term identities, so they 
eventually well define (up to a sign and a N-th root of unity multiplicative factor) the 
QHI Hn{W, L, p) for pairs (IT, L) equipped with arbitrary P5'L(2, C)-characters. 

Every state sum Hpf{Tx,c) looks formally very like exp(i?(7i,/)), with the charge 
c playing the role of the flattening /. The presence of the link in the construction of 
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Hn{W, L, p) is entirely a consequence of the adopted specific symmetrization pro¬ 
cedure of the quantum dilogarithms. In order to get the general QHI for arbitrary 
PSL{2, C)-characters, no further ‘quantum algebra’ than for the i?-QHI is neces¬ 
sary. In fact the old B-state sums slightly differ from iJAr(7x, c) by a scalar factor 
which is expressed in terms of (T, c), not only of (Tj, c). 

In Section one places the dilogarithmic invariant and the QHI in the framework 
of the theory of scissors congruence classes. 

One expects that the dilogarithmic invariant plays a main role to express the (dom¬ 
inant term of the) asymptotic expansion of the QHI when —> oo. This Volume 
Conjecture for PSL{2, C)-QHI is discussed in Section ^ where it is also supported by 
some results about the actual asymptotic behaviour of the quantum dilogarithms. 
In Section ^ one considers the extension of the dilogarithmic invariant and of the 
QHI to cusped hyperbolic 3-manifolds. This leads us to discuss the relationship 
between the corresponding Volume Conjecture and a current Volume Conjecture 
for the colored Jones invariant Jn[L) of hyperbolic knots L in . 

Finally we stress that our technic of ‘straightening’ (generic) 1-cocycles, which ap¬ 
plies to (PS'L(2, C), OT^) in the present paper and produces the idealization, looks 
very general. It can be considered for other pairs {G,X), where G is a Lie group 
acting transitively on X and there is a suitable notion of straight tetrahedra with 
vertices in X. Cases of most interest are {SU (2), S'^), (S'0(3), S'^), {PSL(2, C), ff). 
Moreover it should be interesting to extend it to a treatment of ‘truncated tetra¬ 
hedra’ (hence manifolds with boundary). By using other ’potential functions’ one 
could obtain the analogue of the dilogarithmic invariant for W endowed with G- 
valued characters. This could help to unterstand (and possibly refine) other state 
sum quantum-invariants, such as the Turaev-Viro one, in terms of scissors congru¬ 
ence classes (and, in particular, give a geometric interpretation to their asymptotic 
behaviour). We plan to study these generalizations in future works. 


2 (D-triangulations and the idealization 

Let W be a compact, closed, oriented 3-manifold, and p be a flat principal bundle 
over W with structural group PSL{2, C). We consider p up to isomorphisms of fiat 
bundles; equivalently, it can be identified with a conjugacy class of representations 
in PSL{2,C) of the fundamental group of W, i.e. with a P5'L(2, C)-character of 
W. The pairs (W, p) are considered up to oriented homeomorphisms. By using 
the hauptvermutung, depending on the context, we will freely assume that W is 
endowed with a (necessarily unique) PL or smooth structure, and use differentiable 
or PL homeomorphisms. 

Given any singular triangulation T oiW (i.e. a triangulation where tetrahedra may 
have self and multiple adjacencies), and any system of orientations of the edges of P, 
p can be represented by PSL{2, C)-valued simplicial 1-cocycles, up to coboundaries 
of 0-cochains. For our purposes, we need to specialize the kind of triangulations, 
orientations and 1-cocycles. 

Any T as above can be considered as a finite family {Ai} of oriented abstract 
tetrahedra, each being endowed with the standard triangulation with 4 vertices and 
the orientation induced by the one of W, together with a system of identifications of 
pairs of distinct (abstract) 2-faces. We will often distinguish between vertices, edges, 
2-faces in T, that is after the identifications, and abstract edges,.., that is of the 
abstract A^’s. We view each Ai as positively embedded as a straight tetrahedron in 
endowed with the orientation specified by the standard basis. Later we shall use 
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the hyperbolic space It is also oriented by stipulating that, in the disk model, 
it is oriented as an open set of The natural boundary = CP^ = C U { 00 } 
of is oriented by its complex structure. The action of PSL{2, C) on and CP^ 
is the one of orientation preserving isometries of 


Definition 2.1 A V-triangulation for the pair {W^p) consists of a triple T = 
(T, 6, z) where: 

(i) T is a quasi-regular triangulation of W, that is every edge of T has two 
distinct vertices as endpoints; 

(ii) 6 is a branching of T, that is a system of orientations of the edges such that 
the one induced on each abstract is associated to a total ordering vo,vi,V 2 ,V 3 
of its (abstract) vertices: each edge is oriented by the arrow emanating from the 
smallest endpoint; 


(hi) z is a 1-cocycle on (T, b) representing p such that (T, b, z) is idealizable (see 
Def. 


Remark 2.2 Quasi-regular (even regular indeed) triangulations of W do exist. 
A total ordering of the vertices of a quasi-regular triangulation T clearly induces 
a branching. In the present paper we will only consider these special branchings 
associated to total orderings of the vertices. This simplifies certain proofs, but all 
the results eventually hold true also for arbitrary branchings. For more information 
about branchings, see @ and |^. 

Given a branching 6 on a oriented tetrahedron A (realized in as above), one 
can define an orientation of any of its simplices, not only of the edges. Denote by 
if(A) the set of 5-oriented edges of A, and by e' the edge opposite to e. We put 
eo = Cl = [vi,V 2 ] and 62 = ['Co,^^ 2 ] = —['C 2 ,^^o]- The ordered triple of edges 


(eo = [vo,vi],e 2 = [vQ,V 2 ],e[ = [uo,'y3]) 


departing from vq defines a b-orientation of A. We say that (A, b) is positive if its 
6 -orientation agrees with the one of K^, and negative otherwise; we indicate it by 
a sign * = *{, = ±1. The 2-faces of A can be named by their opposite vertices. 
We orient them by working as above on the boundary of each 2-face /: there is 
a 6-ordering of the vertices of /, and an orientation of / which induces on df the 
prevailing orientation among the three 6-oriented edges. If z is P5'L(2, C)-valued 
1-cocycle on (A, 6), we write Zj = z{ej) and z' = z(e'). Then, one reads the cocycle 
condition on the 2-face opposite to V 3 as zqZiz^^ = 1. These considerations apply 
to each abstract tetrahedron of any branched triangulation (T, 6) of W and to (the 
restrictions of) any PS'L(2, C)-valued 1-cocycle z on {T,b). 


Definition 2.3 Let (A, 6, z) be a branched tetrahedron endowed with a PSL{2, C)- 
valued 1-cocycle z. It is idealizable iff 

Uo = 0 , Ml = Zo( 0 ), U2 = ZoZiiO), M3 = ZoZiZo(O) 

are 4 distinct points in C C CP^ = cllS^ which span an non degenerate hyperbolic 
ideal tetrahedron (with ordered vertices). A triangulation (T, 6, z) is idealizable iff 
all its tetrahedra (A^, bi, Zi) are idealizable. 

If (A, 6, z) is idealizable, for all j = 0,1, 2 one can associate to ej and e' the same 
cross-ratio modulus wj S C \ {0,1} of the hyperbolic ideal tetrahedron defined by 
(mq. Ml, M2, M3). By using the cyclic ordering of the edges induced by 6, one has 


Wj+l = l/{l-Wj) 
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and 


Wo = {u 2 - Ul)u3/U2{u3 - Ul) := -pi / P 2 ■ 

Similarly we shall write 

= -Pj+i/Pj+2 ■ 

Set w = {wo,wi,W 2 ) and call it a modular triple. As the ideal tetrahedron is non¬ 
degenerate, the imaginary parts of the Wj's are not equal to zero, and share the 
same sign = ±1. 

Definition 2.4 We call (A,6, w) the idealization of the idealizable {A,b,z). For 
any X>-triangulation T = {T,b,z) of (lF,p), its idealization Tx = {T,b,w) is given 
by the family {{Ai,bi,Wi)} of idealizations of the {Ai,bi, ZiYs. We say that Tj is 
an T-triangulation. 

Remarks 2.5 (1) We have inglobed the ‘non-degenerate’ assumption into the no¬ 
tion of ‘idealizable’. This simplifies the exposition and also certain proofs; however, 
it is not necessary for the validity of the results of the paper. 

(2) If Zj acts on CP^ as (ojX + bj)l{cjX -I- dj), then Zj{0) = bj/dj. Thus it is 
immediate to formulate the ‘idealizability’ condition in terms of a simple system of 
real algebraic inequalities on the entries of the Zj’s. 

(3) In 1^ we have used so-called full R-valued 1-cocycles z to construct the B-QHI. 
This means that for any edge e the upper-diagonal entry x{e) of z{e) is non-zero. 
It is easy to verify that a R-cocycle is full iff it is idealizable (forgetting the non¬ 
degenerate assumption). In Q] we proposed an idealization of full R-cocycles, which 
was indeed a specialization of the present general procedure. The idealization of 
a P-tetrahedron with a full R-cocycle is simply given by Wj = —qj+i/qj+ 2 , where 
qj = x{ej)x{e'j) for j = 0, 1, and 52 = —x{e2)x{e2). 

(4) It follows from the cocycle condition that P 0 +P 1 +P 2 = 0 (also that qo+qi+q 2 = 0 
for full B-cocycles). 

The following lemma is immediate: 

Lemma 2.6 For any PSL(2,<C)-character p, any quasi-regular branched triangu¬ 
lation (T, b) ofW can be completed to a V-triangulation (T, b, z) of the pair (W, p). 

In fact, given any 1-cocycle, one can perturb it by the coboundaries of generic 
0-cochains which are injective on the vertices of T, and get an idealizable one. 

Tetrahedral symmetries. The following simple lemma states the good behaviour 
of the idealization with respect to a change of branching (i.e. the ‘tetrahedral 
symmetries’). 

Lemma 2.7 Denote by S 4 the permutation group on four elements. A permutation 
p G S 4 of the vertices of an idealizable tetrahedron (A,6,z) gives another idealizable 
tetrahedron (A, 5', z')- For every edge e, z'{e) = z(e)~^ iff the orientations of e for b 
and b' are opposite; otherwise z'{e) = z{e). The permutation turns the idealization 
{A,b,w) into {A,b',w'), where, for each edge e, w'{e) = w{eY^^\ and e{p) is the 
signature of p. 

Consider for instance the transposition (0,1). It turns the set of 4 points 


0 , 2:0(0), 202:1(0), zqZiz ' YO ) 


into 

0 ,(2o)“'(0),2l(0),2i2'(0) . 
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By applying on the second set of points the hyperbolic isometry Zq one gets the 
initial set after the transposition of its first two members, and similarly for other 
permutations. The lemma follows immediately, due to the behaviour of the cross¬ 
ratio up to vertex permutation. 

Remark 2.8 As the signature of a permutation also changes the sign of the 
branching, the above lemma is coherent with the usual symmetry relations holding 
in the classical (pre)-Bloch group: [x] = [1/(1 — x)] and [x] = —[1/a;] (see e.g. [|l^ , 

El)- 


Hyperbolic edge compatibility. We are now concerned with an important global 
property of the idealized triangulations Tj. Before to state it, let us stress that when 
dealing with modular triples one has to be careful with the orientations. Recall 
that every Z-tetrahedron (A,6,w) is oriented by definition; in the case of an I- 
triangulation this is given by the orientation of W. There is also the 6-orientation 
encoded by the sign * = *{,. The idealization ‘physically’ realizes the vertices of 
A on with the ordering induced by b. So the 6-orientation may or may not 
agree with the orientation of the spanned ideal tetrahedron induced by the fixed 
orientation of H^, which is encoded by the sign of the modular triple. 

Definition 2.9 We say that {A,b,w) is geometric iff *b = *w 

Given any Z-triangulation Tj = {T,b^w), the contribution of each {Ai,bi,Wi) to 
any computation with the moduli is given by the w{e)*’s^ where e is any edge in 
Ai and * = *bi- The next Lemma EM is a first concretization of this fact (see also 
the notion of Z-transit below). 

Let Tx = (T, 6, w) be as above. Denote by E{T) the set of edges of Z, by Ea{T) the 
whole set of edges of the associated abstract tetrahedra {Ai}, and by e : Ea{T) —> 
E{T) the natural identification map. 

Lemma 2.10 For any edge e G E(T), we have riaee-be) ^(®)* = where * = ±1 
according to the b-orientation of the tetrahedron Ai that contains a. 

This means that the w(a)*’s around each e verify the usual compatibility condi¬ 
tion, necessary when one tries to construct hyperbolic 3-manifolds by glueing ideal 
tetrahedra. A key point in the proof is that around every edge e of Z one may only 
meet an even number of tetrahedra such that the 6-orientations of the two faces 
containing e are opposite. This follows from the fact that W is orientable. 


Remark 2.11 Every idealized triangulation Tj for (IT, p) necessarily includes some 
non-geometric ideal tetrahedra. In fact if all the tetrahedra were geometric, the 
compatibility condition in Lemma 2.10 would imply that the sum of the arguments 
is exactly equal to 27r around all the edges of Z, not only an even multiple of 27r (see 
Lemma E.6.1. of |^). So, one should have a genuine hyperbolic manifold structure 
on W out of the vertices of Z, with W being triangulated by embedded geodesic ideal 
tetrahedra. Using tetrahedra truncated by suitable horospheres, one deduces that 
the spherical link surrounding each vertex of Z would inherit a (C*, C)-structure, 
which is impossible. 


V- and Z-transits. It is well-known that given any two (singular) triangulations 
Zq and Zi of W there exists a finite sequence Zq ^ ... ^ Zi of so-called 2 3 

and bubble moves that turns Zq into Zi. For instance, it is a consequence of the 
duality between ideal triangulations and standard spines of Z \ Z° (removing the 
vertices), and the calculus for standard spines due to Matveev ||l^ and Piergallini 
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Figure 1: the moves between singular triangulations. 


1^ . It is sometimes convenient, for technical reasons (for instance when dealing 
with arbitrary branchings as in ^), to consider a further so-called 0 •*-> 2 move. See 
Fig. |. 

Next we consider moves on P-triangulations T = (T, 6, z) and Z-triangulations 
Tx = {T,b,w) for the pair (VF, p), called V-transits and I-transits respectively. 
They are supported by the above bare triangulation moves, but they also include 
the transits of the respective extra-structures. 

First of all one requires that the condition to be quasi-regular is preserved by the 
moves. We stress that this is not an automatic fact, on the contrary this leads to 
one main technical complication in the proofs. 

A move Tq Ti between branched triangulations (Toj^o) and (Ti,6i) defines a 
branching transit (Tq, bo) <-> (Ti, bi) if bo and bi agree on the common edges. As stip¬ 
ulated above, we shall only consider branched quasi-regular triangulations, where 
the branchings are defined by total orderings of the vertices. In such a case any 
2 3 or 0 2 move that preserves the quasi-regularity of the triangulations can 

be completed in a unique way to a branching transit, but a bubble move may be 
completed in different ways, each of them being a possible transit. 

Let (To, bo), {Ti,bi) be as above and Zk S [Tk] PSL{2,C)), fc = 0,1. We have a 
(resp. idealizable) cocycle transit (To,bo,zo) ^ (Ti,bi,zi) if zq and zi agree on the 
common edges (resp. and both are idealizable 1-cocycles). Note that for 2 ^ 3 and 
0 —> 2 moves, given Zk there is only one (resp. at most one) Zk+i with this property. 
We stress that in some special cases a 2 —> 3 transit of an idealizable cocycle can 
actually not preserve the idealizability, but generically this does not hold. For 
positive bubble moves there is always an infinite set of possible (idealizable) cocycle 
transits. 
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We say that (Tq, bo, zq) ^ (Ti, bi,zi) as above is a P-transit when both zq and zi 
are idealizable. 


Let us now consider the transit for the idealized triangulations. Consider the convex 
hull of five distinct points uq, ui,U 2 ,M 3,^4 £ 9101^, with the two possible triangu¬ 
lations Qo Qi made of the oriented hyperbolic ideal tetrahedra A* obtained by 
omitting m. An edge e of Qi fl Qi+i belongs to one tetrahedron of Qi iff it belongs 
to two tetrahedra of Qi+i. Then, the modulus of e in Qi is the product of the two 
moduli of e in Qi+i. Also, the product of the moduli on the central edge of Qi is 
equal to 1. 

Let r ^ T' be a 2 —> 3 move. Consider the two (resp. three) abstract tetrahedra 
of T (resp. T') involved in the move. They determine subsets E{T) of Ea{T) and 
E{T') of Ea{T'). Denote their complementary sets by E{T) and E{T'). Clearly 
one can identify E[T) and E{T'). Using the abo ve con figurations Qo and Qi, and 
recalling the considerations made before Lemma 2.10 , we are led to the following 
definition: 





a 2 <-> 3 ideal transit. 



Definition 2.12 One has a 2 ^ 3 2-transit {T, b, w) {T', b', w') of T-triangulations 
for a pair {W, p) if: 

1) w and w' agree on E{T) = E(T'); 

2) for each common edge e G eT(E{T)) 0 eT'(E{T')) one has 

n = n w\a')* , (1) 

a'Ge~}{e) 

where * = ±1 according to the 6-orientation of the tetrahedron that contains a 
(resp. a'). One has a 0 —*■ 2 (resp. bubble) 2-transit if the above first condition is 
satisfied, and one replaces the second by: 

2’) for each edge e G eT'{E{T')) one has 

n =1 • (2) 

a'Ge“l(e) 

Z-transits for negative 3^2 moves are defined in exactly the same way, and for 
negative 2 —> 0 and bubble moves w' is defined by simply forgetting the moduli of 






the two disappearing tetrahedra. The condition (1) above, implies that the product 
of the w'{a')*’s around the new edge is equal to 1. A 2 3 X-transit is shown in 

Fig. we only indicate the first component of each modular triple. In general, the 
relations may imply that w or w' equals 0 or 1 on some edges. In that case, the 
2 3 X-transit fails. In particular, in Fig. ^ we assume that x ^ y. 

Note that for 2 3 X-transits w' is uniquely determined by w, whereas for 0 —> 2 

and bubble X-transits there is one degree of freedom in choosing w'. Also, condition 
(|^) simply means that such transits give the same modular triples to the two new 
tetrahedra, for their 6-orientations are opposite. 


Remark 2.13 Once it is expressed in terms of the involved moduli wq’s, any 2 
3 X-transit dominates an instance of the five term identities which enter in the 
construction of the classical (pre)-Bloch group. For example, the transit in Fig. || 
corresponds to the relation 

N - [y] + [y/^] - [(1 - - y-^)] + [(i - -y)] = 0- 

The next proposition states the remarkable fact that X-transits and X-transits to¬ 
gether with the idealization make commutative diagrams, that is the X-transits 
dominate the X-transits. 


Proposition 2.14 Lett) he any 'D-transit of T>-triangulations andi be any I-transit 
of I-triangulations for a pair (W,p). Denote by X the idealization map X —> Tj. 
Then for every t) there exists i (resp. for every i there exists 0 ) such that ioX = XoO. 


For 2 3 transits there is also an uniqueness statement. The proof is not hard. 

By using the tetrahedral symmetries of Lemma it is enough to show the propo¬ 
sition for one branching transit configuration (for instance the one of Fig. |^). The 
verification follows almost immediately from the definition of the idealization, as 
for Lemma 2.7. Note that the possible failures of 2 ^ 3 transits of idealizable co¬ 
cycles that we mentionned above correspond to the failures of 2 —> 3 X-transits (for 
instance when x = y va Fig. ^). 


3 Classical dilogarithms 


3.1 Rogers dilogarithm 

Denote by log the standard branch of the logarithm, with arguments in ] — tt, tt]. 
Put S = C \ {(—oo; 0) U (1; -foo)}. The Rogers dilogarithm is the complex analytic 
function defined over D by 


L(a:) 


TT^ 1 logit) ^ log(l-t)^^ 

Y--2I 


( 3 ) 


where we integrate first along the path [0; 1/2] on the real axis and then along any 
path in S from 1/2 to x. Here we add —7r^/6 so that L(l) = 0. For |x| < 1, one 
may also write L as 


7r2 1 ^ r" 

L(a;) = -y + 2 + ■ 

n—1 


The sum in the right-hand side is the power series expansion in the open unit disk 
of the Euler dilogarithm Li 2 , defined over C \ (1; -|-cx)) by 


Li2 



log(^) 

1 - t 


dt . 
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For a detailed study of the dilogarithm functions and their relatives, see [Q or the 
review |Q. Below we will also call ‘Rogers dilogarithm’ the multi-valued function 
obtained from L via analytic continuation. The function L is related to the Bloch- 
Wigner dilogarithm 


T) 2 {x) = Im(Li 2 (x)) -I- arg(l - a;) log |a;| , 

which is obtained by adding to Im(Li 2 (x)) the needed correction term to compensate 
its jump along the branch cut (l;-|-cx)). The function D 2 (a:) is a real analytic 
continuation of Im(Li 2 (a;)) on C\{0,1}, and it is continuous (but not differentiable) 
at 0 and 1. It gives the volume of oriented hyperbolic tetrahedra by the formula 


Vol(A, 6, w) = D 2 (wo) , (4) 

where, with the notations of Section H, w denotes the modular triple with respect 
to a positive branching b. In particular, we have the 6-fold symmetries 


D2(wo) = D2(wi) = 02 (^ 2 ) = - 02(^0 = - 02(^1 = - 02(^2 ■ (5) 


Moreover, if we apply the formula (^) to Fig. || we get the five term functional 
relation 

02 ( 1 /) + D2(^^—= D2(a:) -f D2 (j//x) -f D2 (^^—-) (6) 

l-y ^ l-y 

when X ^ y. Finally, all the other five term relations obtained by changing the 
branching in Fig. || also hold true, due to (^). 

One would like to think of the Rogers dilogarithm L as the natural complex analytic 
analogue of D 2 (a:). But L verifies similar five term relations only by putting restric¬ 
tions on the variables. For instance, the analog of (||) is the so-called Schaeffer’s 
identity 

L(x) - L{y) + L{y/x) - + L(^) = 0 (7) 

l-y ^ l-y 


which for real x, y holds only when 0 < y < x < 1. In fact, this identity characterizes 
the Rogers dilogarithm: if /(O; 1) —> K. is a 3 times differentiable function satisfying 
(|^) for all 0 < 2 / < a: < I, then f{x) = kL{x) for a suitable constant k Sect. 
4], [^, App.]. By analytic continuation, the relation (Q) holds true for complex 
parameters x, y, providing that the imaginary part of j/ is > 0, and x lies inside 
the triangle formed by 0, I and y. For such x, y, note that also all the other 
arguments of L in ( 0 ) have positive imaginary parts. With this restriction, this 
relation corresponds to one specific instance of X-transit (see Remark 2.13 ). This 
naively suggests the possibility to set 


L(A,6, w) = L(wo) , 


and try to use it to build an invariant for (IF, p) that should be computable by using 
any idealized triangulation Tj. However, one is immediately faced to the following 
correlated difficulties: 

(1) {Uniformization) One has to deal with the different branches of L. 

(2) {Symmetrization ) One realizes that L(A,6, ic) only respects the tetrahedral 
symmetries up to some elementary functions (see below). 

(3) {Completing the five term relations) As remarked above, L satisfies certain 
five term relations which correspond only to some peculiar instances of Z-transits, 
and with restrictions on the range of moduli. 

In the next three subsections we outline how to solve these difficulties. 
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3.2 Uniformization 

Let C = Coo U Coi U Cio U Cn, where Cge' (e, e' = 0,1) is the Riemann surface of 
the function defined on S = C \ {(—cx); 0) U (1; +cx))} by 

X ^ (log(a:) + eiTT,log((l — + e'iir) . 

Thus C is the abelian cover of C \ {0,1} obtained from S x by the identifications 

{(-oo; 0) + iO} X {p} X {g} ~ {(-CX); 0) - iO} x {p + 2} x {q} 

{(1; +cx) + iO} X jp} X {9} ~ 1(1; + 00 ) - lO} x {p} x {g + 2} , 

and the function 


l(a;;p,g) = (log(a;)+pi7r,log((l - x) '^) + qiTr) (8) 

is well-defined and analytic on C. Here (— 00 ; 0) ± iO comes from the upper/lower 
fold of £> with respect to (—cx; 0), and similarly for (1; -|-cx) ±i0. Following 00 , 
consider the following lift of the Rogers dilogarithm on C: 

tir 

P, g) = L(ac) + y (p log(l -x)+q log(a;)) . (9) 

Lemma 3.1 The above formula well defines an analytic map R : C —> 

One can view R as a uniformization mod( 7 r^) of L. We want to interpret R as a 
function of our T-tetrahedra {A,b,w). In order to do that, it is natural to enrich 
the decoration by a Z- valued function / on the edges of A such that, for every edge, 
/(e) = f{e'). As for w = {wo,wi,W2), one can write / = (/o,/i,/ 2 ) with respect 
to b. Then we set 

R(A, b, w, f) = R('U)o; /o, /i) • 

Next we indicate under which condition on / the function R(A, b, w, f) respects the 
tetrahedral symmetries. 

3.3 Tetrahedral symmetries 

Here is a crucial definition. 

Definition 3.2 Let (A, 6 , w, f) and / = (/o, /i, / 2 ) be as above. Set 

\j{b,w,f) = \og{wj) + fjiir , 

for j = 1, 2, 3. We say that (/o, /i, /2) is a flattening of (A, b, w) if 
lo(&, w, f) + li( 6 , w, /) -f 12 ( 6 , ic, /) = 0 . 

In that case, we call \j{b,w,f) a log-branch of {A,b,w) for the edge ej, and set 
\{b,w,f) = {\o{b,w, f),\i{b,w, f),l2{b,w, f)) for the total log-branch associated to 

/• 

Note that if / is a flattening of (A, b, w), then it is a flattening of (A, &, u) for every 
modular triple u sufficiently close to w. 

Let {A,b',w, f) be any enriched Z-tetrahedron. By acting with a permutation 
p S 54 on the vertices of A, one passes from b' to a new branching b. Denote 
by (A, b, w, f) the new tetrahedron, where one still associates to every edge the 
same values w{e) and /(e) as before, but they are renamed according to the new 
ordering of the vertices given by b. Let e(p) be the signature of p. Set = 

{wo^\wi^\w2^'’) and e(p)/ = (e(p)/o, e(p)/i, e(p)/ 2 ). We have 
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Lemma 3.3 For any enriched T-tetrahedron (A,6, w,/) the identities 

R-(A, b', u, f) = e{p) R(A, b, u^^P\e{p)f)) mod(7r^/6)Z 

hold true for every permutation p and for every modular triple u sufficiently close 
to w if and only if f is a flattening of (A, b, w). 


3.4 Complete five term relations 

We first define a notion of transit between flattened tetrahedra, and then use it to 
get all the required five term relations, without restrictions neither on the underlying 
branching transit configuration, nor on the range of the moduli. 

Consider a 2 ^ 3 X-transit (T, 6, re) ^ {T',b',w') as in Fig. || Give a flattening 
to each tetrahedron of the initial configuration, and denote by 1 the corresponding 
log-branch function on T. Recall the definition of the map ct before Lemma 2.10. 
The simple idea is just to formally take the log of the X-transit. 

Definition 3.4 A map f' : Ea{T') —> Z defines a 2 —» 3 log-branch transit 
(T, b, w, f) (T', bf wf /') if for each common edge e G TnX' one has the following 
relation between log-branches: 


^ * 1(a) = 


( 10 ) 


(e) 


a'ee J{e) 


where * = ±1 according to the 6-orientation of the tetrahedron that contains a 
(resp. a'). A map /' : E^^{T') —> Z defines a 0 ^ 2 (resp. bubble) log-branch 
transit if for each edge e G T' one has 


5 ] * 


( 11 ) 


a'Ge^lie) 


One easily verifies that log-branch transits actually define flattened tetrahedra, and 
that for a 2 —> 3 log-branch transit the sum of values of 1’ about the new edge is 
always equal to zero. So log-branch transits for negative 3 —> 2 moves are defined 
in exactly the same way, except that we also require that this last condition holds. 
For negative 2^0 and bubble moves the log-branch transits are defined by simply 
forgetting the log-branches of the two disappearing tetrahedra. The flattenings of 
a log-branch transit, associated to a given X-transit (T, 6, w) (T', 6', w'), actually 
define a log-branch transit for every X-transit {T,b^u) —> (Tfbfu') if u (resp. u') 
is a modular triple sufficiently close to w (resp. w'). 

Note that the relations ( 0 ) mean that the two new tetrahedra have the same log- 
branches, for their 6-orientations are always opposite. 

Proposition 3.5 Let {T,b,w,f) {T',b',w', f') be a log-branch transit. Then we 

have 

5 ^ * R(A,6,w,/) = * R{A', b',w',f) mod(7rV6)Z , (12) 

Act a'ct' 

where * = ±1 according to the b-orientation of A (resp. A'). 

Thanks to the tetrahedral symmetries, it is enough to prove the proposition for one 
branching transit configuration. For instance, for 2 <-> 3 transits one uses the one in 
Fig. which underlies Schaeffer’s identity ( 0 )- The key and delicate point consists 
in realizing that the log-branch transit condition determines a proper analytic subset 
© of C®, on which the five term relation ( p^ ) corresponds to an analytic relation. 
Then one verifies that this relation holds true on a non empty open subset of 0, as 
a consequence of Schaeffer’s identity (^ over its complex domain of validity. Then 
the result follows by using the analytic continuation principle. 
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Remark 3.6 The function K{x;p,q) with its five term relation that lifts Schaef¬ 
fer’s identity was already considered by W. Neumann A peculiarity of our 

treatment of the function R(A, 6, w, /) is the preliminary discussion on the tetra¬ 
hedral symmetries, from which the notion of log-branch emerges straightforwardly 
in a natural way (see Lemma Also, when considering a 2 3 move config¬ 

uration between hyperbolic ideal tetrahedra, we thus have to look at all possible 
branching transits, for R(A,6, w,/) explicitely depends on the branching b. Each 
branching transit leads to a specific instance of functional lifted five term relation 
for R(A, b, w, /), and there actually exist some which only hold mod (7r^/6)Z. 

4 The dilogarithmic invariant R{W, p) 

Let T = {T,b,z) be a P-triangulation for {W,p), with idealization 7x = {T,b,w). 
In order to define the dilogarithmic invariant, one has to enrich 7x with a system 
/ of flattenings stable for log-branch transits. 

Definition 4.1 We say that / is a flattening of Tf = {T,b,w) if each fi is a 
flattening of (Ai,bi,Wi) and the following global conditions are verified: 

(1) The sum of 5-signed log-branches around every edge of T is equal to 0. 

(2) Condition (1) implies that / verifies a similar one mod(2), so that it repre¬ 
sents a class [/] G H^(W, 'Ll21f). One requires that [/] = 0. 

The first condition is formally the log of the compatibility condition in Lemma 
2.1C| . The second ensures a nice affine structure on the set of these flattenings. A 
slight adaptation of a fundamental result due to W. Neumann ||^, ^ implies the 
following: 

Theorem 4.2 Any X-triangulation Tj = (T, &, w) for {W, p) admits a flattening. 
Flattenings on Tx = {T, &, w) make an affine space over a lattice. This lattice has 
an explicitely given basis made by one vector for the abstract star of each edge ofT. 

Finally one can state 

Theorem 4.3 Let Tj be any flattened X-triangulation for (W, p). Set 
R(Ti, ^ R(A„ b„ w,, fi) G C/(7rV6)Z , 

i 

where *i = ±1 according to bi. The value ofIl{Tx,f) does not depend on the 
choice of {Tx,f). Hence it defines an invariant R(IT,p) G called the 

dilogarithmic invariant of the pair (W, p). 

Proposition 4.4 We have R(W, p) = CS(p)-I-jVol(p) mod(7r^/6)Z, where CS and 
Vol are the Chern-Simons invariant and the volume of the character p. 

This proposition shows that R(IT, p) refines the mod(7r^Q) dilogarithmic interpre¬ 
tation of the second Cheeger-Chern-Simons class of p, due to Dupont-Sah 
This is in agreement (except for the mod(7r^/6)Z precision) with the results stated 
in 011 in the particular case when p is the holonomy of a genuine hyperbolic 
structure on W. 

In [Q we had roughly announced the existence (limited to R-characters) of such 
dilogarithmic invariant defined mod(7r^/2)Z. A more careful analysis of the tetra¬ 
hedral symmetries leads to the present mod(7r^/6)Z formulation. 
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5 Quantum dilogarithms and QHI for {W, L, p) 

In this section we revisit the construction of the B-QHI made in ^ , having as model 
the construction of the dilogarithmic invariant. The result shall be a full general¬ 
ization of the QHI for arbitrary PiS'L(2, C)-characters, and a deeper understanding 
of the ultimate hyperbolic geometric nature of these invariants. 


5.1 Quantum dilogarithms 

Let TV > 1 be a fixed odd positive integer, and put ( = exp(2z7r/7V). The Faddeev- 
Kashaev’s quantum dilogarithms were originally derived as an explicit matrix re¬ 
alization of the associator in the cyclic representation theory of a Borel quantum 
subalgebra of {7^(s/(2,C)) (see B 0)- The matrix elements of the quantum 
dilogarithms are usually called 6j-symbols. This derivation is also presented in the 
Appendix of ||], and with full details in Q. Here we forget this ‘quantum algebraic’ 
origin, and simply describe and interpret the special functions one has to deal with. 
For any complex number x with |x| < I, consider the analytic function g defined by 

N-l 

g{x) := {1-xCy/^ 

i=i 


and set h{x) := x~^g{x)/g{l) when x is non-zero (one computes that | 5 ( 1 )| = 

We shall still denote by g its analytic continuation to the complex plane with cuts 
from the points x = exp(ze)C*, fc = 0,..., TV — 1, e S R, to infinity. Hereafter we 
will implicitly assume that e is such that the cuts are away from the points where 
g is evaluated. 

Consider the curve T = {x^ + = z^] G CP^ (homogeneous coordinates), and 

the rational functions given for any n G N by 


ui{x,y,z\n) 


fV jy/z) 

j=i 1 


(13) 


These functions are periodic in their integer argument, with period N. Denote by 
6 the iV-periodic Kronecker symbol, i.e. S(n) = I if u = 0 mod(iV), and S(n) = 0 
otherwise. Set [x] = N~^ (1 — x^)/(l — x). 


The A^-dimensional Faddeev-Kashaev quantum dilogarithm and its inverse are the 
fV^-matrices whose components are the rational functions defined on the curve F 
by 

w(x, y, z |7 - a) (5(7 -f (5 - /3) 


P(x,y, 


/ 7,(5 


[x/z] (5(7-b 5-/3) 


hizjx) 


- a) 


We can interpret these matrices as functions of I-tetrahedra as follows. Let (A, 5, w) 
be an I-tetrahedron. Write Wi = —pi+i/pi _|_2 (indices mod(Z/3Z)) as after Def. 2.3 . 
Recall that po +Pi +P 2 = 0. Fix a common determination of the A-th roots of the 
Pi’s, which we denote by p(. Set 


2{A,b,w) 


R{PiiPoi-P2) if * = 1 

R{pApA-P2) if * =-1 
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where * = ±1 according to the 6-orientation of A. Note that ( p^ ) implies that 
£(A, 6, w) only depends on (6, w), and not on the A-th roots p- of the p^’s, for it is 
homogeneous in these variables. One realizes that 

£(A, 6, w) does not respect the tetrahedral symmetries. 

Let us consider the 1-skeleton of the cell decomposition of A dual to the canonical 
triangulation with 4 vertices. It is made by 4 edges incident to the center of A. 
They are oriented by the orientation complementary to the 6-orientations of the 
dual 2-faces of A. Hence there is a couple of arcs incoming into A and a couple of 
outcoming ones. One can associate to both couples a copy of (g> (with the 
standard basis) and interpret il(A, 6, w) as a linear operator defined on the incoming 
couple, with values in the outcoming one. 

Let Tx = (T, 6, w) be any X-triangulation for {W, p). Let us consider the 1-skeleton 
C of the cell decomposition dual to T, with edges oriented as above. By associating 
to each {Ai,bi,Wi) the corresponding operator £,{Ai,bi,Wi), one gets an operator 
network whose complete contraction gives a scalar £m {Tx) S C (note that there is no 
edge with free ends in C). This has an explicit expression as a state sum, where the 
states are given by the indices of the matrices entries as follows. A state is a function 
defined on the edges of C, with values in {0,..., A — 1}. For every (A^, 6^, Wi), any 
state a determines an entry (a 6j-symbol) £(Ai, bi, Wi)a of £(Ai, bi, Wi). Set 

^N{Tx)a = £(Ai, hi, Wi)a 

i 

and 

^'2Af(^)a ■ (14) 

a 

One realizes that 

^n{Tx) is invariant only for some peculiar instances of I-transits (one being the 
same as for Schaeffer’s identity for the Rogers dilogarithm). 

These facts justify the following name: £(A, 6, w) is the A-dimensional non sym¬ 
metric quantum dilogarithm, computed on the given T-tetrahedron. The special 
X-transits which keep £,n{Tx) invariant induce the basic five term (pentagonal) re¬ 
lations satisfied by the non symmetric quantum dilogarithm. In order to construct 
invariants for {W, p) based on the quantum dilogarithms £, one has to solve the 
same kind of difficulties than for defining the dilogarithmic invariant, based on the 
classical Rogers dilogarithm L. 


5.2 Tetrahedral symmetries 

Let (A, 6, w) be as above. An integral charge on (A, 6, w) is a Z-valued map on the 
edges of A such that c(e) = c(e') for opposite edges e and e', and cq -I- ci -I- C 2 = 1, 
where Ci = c(ei). Note that a charge is formally similar to a flattening. The main 
difference is that the charge does not depend on the moduli w. In fact a charge 
defines a flattening only if = —1. Write A = 2p -|- 1, and for each edge e set 
c(e) = (p-h 1) c(e) mod(A), viewed as a point in {0,..., A — 1}. 


Definition 5.1 The symmetrized quantum dilogarithm is the matrix-valued opera¬ 
tor, defined on the set of charged X-tetrahedra {A,b,w,c), given by 


9i(A, 6, w, c 



((-PiM) i-P 2 /Po)‘'°Y R'iw\c) if * = 1 

((-KM)”'"' i-P2/Po)‘'°Y R'iMc) if * = -1 


(15) 
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where * = ±1 according to the ^-orientation of A, and the matrices R'{w\c) and 
n{w\c) have the components 


Rip[,Po^ -P2)l:pii 




Rip'uPo^ -P2)‘^’Sj 


(16) 


Note again that dH) implies that iH(A, b, w, c) only depend on (6, w, c), and not on 
the choice of the A-th roots p' of the pi’s. Here we identify 1/2 G Z/AZ with p-|- 1. 


Remark 5.2 This symmetrization sligtly differs from the one adopted in for 
_B-characters, see Remark 5.7 below. This new one has been obtained by formally 
copying the flattening’s contributions in exp(R(A, b, w, /)), postulating that charges 
and flattenings should essentially play the same role. In fact, it works. 


Recall that the permutation group on four elements, which is the symmetry group 
of a branched abstract tetrahedron, is generated by the transpositions (01), (12) 
and (23). The following lemma describes the tetrahedral symmetries of 91. 

Lemma 5.3 Let (A, 5, w, c) be a charged 1-tetrahedron. Changing the orientation 
of the edge eo, ei or e'g by the transposition (01), (12) or (23) of its vertices gives 
respectively 

91((01)(A,6,zi;,c)) Tf ^ 91(A, 6, u;,c) Ti 

9i((12)(A,6, w,c)) =(±,^z) 91(A, c) T 2 

91((23)(A,6, w,c)) =(±^ 2 ) 5'2'^ 91(A,5,-u;,c) 5*2 , 

where =(±(;z) means equality up to sign and multiplication by N-th roots of unity. 
Here we write Ti = T (8) 1, etc..., and T and S are the N-dimensional invertible 

ml _i 

square matrices with components Tm,n = v C, 6{m -\- n) and Sm,n = A 
where v = g(l)/| 5 (l)|. 

The proof is based on the same computations that gave Prop. 9.6 in the Appendix 
of [Q, adapted to the new symmetrization. 


5.3 Complete five term relations 

Replacing the non symmetric quantum dilogarithms with the symmetrized ones 
in (0) for charged I-triangulations {T,b,w,c) of {W,p), one obtains state sums 
OItvI’Ti, c). The next step is to complete the I-transits to suitable charged I-iransits, 
in order to realize the full transit invariance of the state sum’s value. As the charges 
are moduli-independent, also their transit is. 

One says that there is a charge transit {T,c) ^ {T',c') if c' equals c on the edges 
of the abstract tetrahedra of T not involved in the move, and for any other edge e 
we have the transit of sum condition: 

■ 

aGey^(e) a'Ge“)(e) 


Note that, for 2 —> 3 transits, this implies that the sum of the charges around the 
new edge after the move is equal to 2. Note also that a charge transit coincides 
with a flattening transit, providing that the signs *bS and *u,’s satisfy certain con¬ 
ditions which are easy to determine. By using Lemma 5.3 and the basic five term 
(pentagonal) relations for the non symmetric quantum dilogarithms we finally get: 
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Proposition 5.4 For any charged 2 <-> 3 X-transit {T,w,c) (T',w',c') we have 

in(Ai,6,w,c) =(±(;z) m{A'^,b',w\c') . 

AiCT A'CT' 


5.4 Link-fixing and QHI for triples (IL, L, p) 


As for flattenings in the definition of the dilogarithmic invariant, the next step is 
to give the right notion of global integral charge which should be stable for charged 
X-transits. The solution of this problem is much more elaborated than for the 
dilogarithmic invariant. The naive idea should be to require that the sum of charges 
around each edge of T is equal to 2. But simple combinatorial considerations show 
that such tentative global integral charges do not exist. A way to overcome this 
difficulty is to fix an arbitrary link L 'mW (considered up to ambient isotopy) and 
to inglobe it in all the construction of the QHI. 

A P-triangulation {T,H) for (W,L,p) is a 2?-triangulation T for {W,p) with a 
Hamiltonian (i.e. which contains all the vertices of T) subcomplex H which realizes 
the link L. An integral charge c on (T, H) satisfies by definition the following 
conditions: 


(1) the sum of its values equal 2 (resp. 0) around the edges ofT\F[ (resp. i?); 

(2) it satisfies the same Z/2Z-cohomological condition than for flattenings: there 
is a class [c] S F[^{W;Z/2Z), and we require that [c] = 0. 


Note that any charge c eventually encodes H, hence the link L. The existence of 
charged T>- and X-triangulations (T, c), {Xx,c) for {W,L,p) is a rather demanding 
fact proved in [D and |§]. Again, the good affine structure on the set of charges is 


a variation of the fundamental Neumann’s result Th. 4.2. The presence of the link 


must be integrated also in the transits; in particular the condition to be Hamiltonian 
must be preserved. For instance, for 2^3 transits the new edge must be in T'\H'; 
for positive bubble moves one edge of the initial triangle must belong to i/, and it 
is replaced with the two edges connected to it and to the new vertex in T^ Finally 
one achieves the construction of the QHI: 


Theorem 5.5 The value of the (normalized) state sum 

HNiTx,c)=N-^° d\N{rx,c) , 


where uq is the number of vertices ofT, does not depend on the choice of the charged 
X-triangulation {Tx,c) for (W,L,p), up to sign and multiplication by N-th roots of 
unity. Flence, up to this ambiguity, for any triple {W,L,p) it defines a quantum 
hyperbolic invariant Hm{W,L, p) G C. 


Remark 5.6 The presence of the link L and the ambiguity up to multiplication 
by iV-th roots of unity of Hxr{W,L,p) are entirely a consequence of the specific 
symmetrization procedure of the quantum dilogarithms we have adopted. We guess 
that suitable variations of this procedure (by using moduli-dependent charges, or 
by following even more closely the strategy used for uniformizing the Rogers diloga¬ 
rithm) allows one to define the QHI directly for (W, p), and also to well define them 
only up to multiplication by exp(i7r/12). We postpone this problem to a future 
work. 


Remark 5.7 The QHI for R-characters defined in Q and their state sum formulas 
differ from those in 5.5 by a scalar factor depending on the cocycle z of T, not only 
on Xx- This is a consequence of the different symmetrization adopted in [p. There, 
it consisted in replacing in (R^ the scalar state-independent factor in front of the 
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matrices B! and R' by (—< 72)^1 where the g^’s have been defined in Remark 2.5 (3) 
and ' denotes, as before, a common determination of the 7V-th roots of the qj ’s. Let 
us denote by (T, c) the associated state sum. 

Then, the statement of Lemma n is unchanged, except that there is no sign am¬ 
biguity. However, in Prop. 5.4 one has to multiply both sides by the respective 
■— It ^ remarkable but somewhat fortuitous fact that, for B- 

characters and for any positive 2 —> 3 P-transit T —> T', one has Q 2 {T')IQ 2 {T) = 
x{e)'^^, where x{e) is the upper-diagonal value of the cocycle z on the new edge in 
T' \ H'. Normalizing c) by dividing it by OeGTVff it eventually gives 

a well defined invariant up to A^-th roots of unity. The same procedure for general 
P5'L(2, C)-characters (using the instead of the does not seem to work, 
due to the fact that the explicit formula for P 2 (T')/P 2 {'T) heavily depends on the 
branching. 


6 Scissors congruence classes 


Consider the free Z-modules Z(I2) and Z(X) which are respectively generated by 
all P-tetrahedra and all X-tetrahedra. Let V(V) (resp. X(X)) be the quotient of 
1 j{V) (resp. Z(X)) by all instances of the relations associated to the tetrahedral 
symmetries in Lemma and to the 2 <-^ 3 X>-transits (resp. X-transi ts). 

We call V{'D) (resp. X’(X)) the V- (resp. X-) (pre)-Bloch group. Prop. 2.14 implies 
that there is a surjective homomorphism I : V{'D) 'P(X). 

Working with either flattened or charged X-tetrahedra, and using the appropriate 
lifts of the tetrahedral symmetries and of the five term identities, one obtains the 
F- and C - refined J-{pre)-B\och groups 'P{I)f and V{I)c. 


Clearly, every X>-triangulation T and every X-triangulation Tj for (W, p) defines 
an element c(X) G 'P(X>) and c(7i) G 'P(X) respectively. Similarly, any flattened 
(Tj,/) defines an element c(7i,/) G V{T)f, and any charged {Tx,c) for {W,L,p) 
defines an element c{Fi,c) G V{I)c. One has 


Proposition 6.1 The elements c{T), c{Tx), c{Tx,f) and c(7x,c) do not depend on 
the choices in their respective arguments. Hence they define invariants Cd(W,p) G 
V{V), CiiW,p) G P(X), CFiW.p) G V{I)f and cciW,L,p) G V{I)c. 

These are generally called scissors congruence classes of (W, p) or of (W, L,p). More¬ 
over, the homomorphism I sends Cd{W,p) onto <:i{W,p). 


Clearly, the formula in Th. O defines a function R : V{T)f j(jP'j such 

that 

R(W,p)=R(c;^(W,p)) . 

One would like to interpret also the QHI as evaluations on cciW, L, p) of suitable 
functions defined on V{I)c. This is roughly true, but there is some subtilities (see 
the discussion at the end of Section 5 of Q). 

Lemma 2.10| implies that every X-triangulation Tj for (IT, p) also defines a class 
ct{Tx) G H^{PSL{2, C), Z), where PSL{2, C) is endowed with the discrete topology. 
One can prove that also a{Tx) does not depend on the choice of Tj, hence it defines 
an invariant a{W,p) G H^{PSL{2,C),'L). This is a main ingredient of the group- 
cohomological approach of Dupont-Sah. 


7 Further comments on the proofs 

The proofs of Th. |4.3| and Th. |5.5| have the very same structure. In fact one follows, 
almost verbatim, the proof given in {Sections 1-6 -I- the Appendix} of for the 
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B-QHI. For the dilogarithmic invariant the proof is easier, because one does not 
have to keep track of the link L during the transits. 

A key point is that quasi-regular triangulations can be connected by quasi-regular 
transits. This is proved in Prop. 2.10 of |^. This implies that also X>-transits 
and I-transits are generically possible, and this is enough. In fact, another delicate 
point is the invariance w.r.t. the flattenings or the charges. This heavily depends 
on Neumann’s crucial Th. 4.2 and runs like in the proof of Th. 4.6 in |^. 

For scissors congruence classes, the above generic existence of 2?-transits and 2- 
transits is not enough. We have to refine Prop. 2.10 of ||] (by using the same 
technics indeed), in order to get the full existence of transits. There is another 
subtility: the (pre)-Bloch groups are defined by only using the relations coming from 
2 <-> 3 transits. But to connect triangulations (with possibly a different number of 
vertices), one has to use also the ‘bubble’ transits. So one has to check that this 
induces relations which are in fact consequences of the other ones. This is proved 
as in Corollary 4.5 of [^. 

The situation is a little more complicated if one works with arbitrary branchings, 
or if one allows also degenerate ideal tetrahedra. General branchings were already 
treated in Q, so one simply repeats those arguments. In presence of degenerate 
tetrahedra, the invariance of the dilogarithmic sum w.r.t. the branching becomes 
more de lica te. This is automatic under the non-degenerate assumption, thanks to 
Lemma tl.Sj Anyway, one can obtain it by using the quasi-regular refinement of the 
following result of F. Costantino 0: 

Two branchings on a same given triangulation T of W can be connected by transits 
of branchings. 


This allows to reduce also the branching invariance to the invariance by transits. 


8 A Volume Conjecture for the QHI of {W, L, p) 

It is clear from the discussion in Section || that the structure of the QHI is modeled 
on the one of exp((l/2i7r)R(IF, p)). In fact one introduces the l/2f7r-factor to have 
a perfect agreement of the behaviour with respect to the involution W —IF, 
given by the change of orientation of IF: 

Lemma 8.1 Denote by * is the complex conjugation. We have 


Hn{-W,L,p) = {HN{W,L,p*)y 
exp((l/2i7r)R(—IF, p)) = (exp((l/2i7r)R(IF, p*))) * 


The first identity is proved like in Prop. 6.1. in 0. The second one is a consequence 


of Prop. 4.4, and of CS(p*) = CS(p) and Vol(p*) = —Vol(p). These structural 


coincidences and the actual asymptotic behaviour of the quantum dilogarithms (see 
below) motivate the following Volume Conjecture for the asymptotic expansion of 
QHI, when N oo: 


Conjecture 8.2 There exist invariants C = C{W^ L, p) S C mod(7r^/6)Z and D = 
D{W,L,p) G C* such that 


{HNiW,L,p)f 


exp 


C^NR{W,p) 

2 i 7 T 


N 


D + Oi-) 


where = means equality up to 


multiplication by the integer powers o/exp(i7r/12). 
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Conjecture 3.2 says at first that Hn{W,L,p)^ has an exponential growth rate. 
Assuming it, the fact that exp(C/i7r), exp(R(VC, p)/i7r) and D are well-determined 
invariants of {W, L, p) follows from the invariance of Hn{W, L, p)^ and the unique¬ 
ness of the coefficients of asymptotic power series expansions. 

At present, the nature of C and D is somewhat mysterious to us. There are no 
reasons to expect that, for instance, C = 0 or D = 1. We have expressed the 
conjecture in terms of the iV-th power of H^iW, L, p) so as to kill its multiplicative 
ambiguity up to 7V-th roots of unity. (The statement is formally the same as in Q , 
except that it was given mod(i7r/4)Z, see the discussion at the end of Section 
Classical manipulations of one-variable complex analysis with the so-called Fad- 
deev’s non-compact dilogarithm |11 allows one to prove that when N —>■ oo (we use 
the functions introduced in section pT]): 


g{z/x) uj{x,y,z\n) (y/z)"^ exp 


^ (Li2((a;/z)C”))-blog(a;/z)^-7rlog(a;/z)-b7r2) 


where log is, as before, the standard branch of the logarithm. Rewriting n in 
terms of states and charges, ones derives from this formula the leading term of the 
asymptotic expansion of the symmetrized quantum dilogarithms. This corroborates 


Conjecture 8.2. 


Remarks 8.3 The above Volume Conjecture predicts, in particular, that the dom¬ 
inant term of the asymptotic expansion of the QHI for N —>■ oo is uot-sensitive to 
the link-fixing used to get one specific global symmetrization of the state sums. 
This is not clear for C and D. There is a simple way to modify the dilogarithmic 
invariant so as to make it link-sensitive. For that, it is enough to set 

R{W, L, p) = R(W, p) + (z^/2) log(Tr(a(L)) , 

where a is any representative of p and L is arbitrarily oriented, and considered as 
an element of the fundamental group of W. Note that R(W, L, p) does not depend 
on the choices we made. It can be computed by using any P-triangulation T for 
(IF, A, p), but not only by using the idealization Tj. 


9 Cusped manifolds 


This section is less definitive than the rest of the paper. The final achievement of the 
results presented below is stricly related to the solution of the problem mentionned 
in Remark 5.6. 


9.1 Dilogarithmic invariant and QHI 

Let M be an oriented complete non-compact and finite volume hyperbolic 3-manifold 
(shortly: M is a cusped manifold). Fix a triangulation of M made by embedded 
geodesic ideal tetrahedra. For simplicity, assume that it is br anch ed. This is not 
really necessary here, due to the symmetry relations in Lemma |3.3| and Lemma 5.3; 


on the contrary, for the case of (IF, p) treated before, the branching was part of the 
structure of H-triangulations, which dominate the I-triangulations. 

With the usual notations, this triangulation of M can be represented as Tj = 
(r, b, w ) su ch that every {Ai,bi,Wi) is quasi-geometric, i.e. geometric in the sense 
of Def. ^ or possibly degenerate. 

One can enrich Tj with suitable flattenings / or integral charges c (again this is 
essentially due to |Q). Their definition is similar to the one given for (IF, p), but 
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there is a further condition which mimics the usual completeness condition satisfied 
by the moduli. So one can define both R(7i, /) £ C/ (tP‘ jtiyL and Hn{Ti, c). 

One would like to prove that they do not depend on any choice, hence that they 
define invariants for M, just by using our direct methods based on I-transits. It is 
not clear to us if any two such enriched quasi-geometric Z-triangulations of M can 
be connected by enriched X-transits. However, for R(iZi, /) one can prove it if we 
impose for instance the following further restriction on Tj: 


Proposition 9.1 Suppose that M admits triangulations (T, b) such that the volume 
function, defined on the set of all I-triangulations supported by {T,b), has a unigue 
maximum at Tj. Then R(7x,/) does not depend on any choice, thus defining a 
dilogarithmic invariant R(M) £ C mod(7r^/6)Z. 


Here, the set of all X-triangulations supported by (T, b) includes all (non necessarily 
quasi-geometric) solutions of the compatibility and completeness equations sup¬ 
ported by T. It is not known to us if any cusped M has such special triangulations, 
but, as is used in the Snappea program it often happens. 

The sa me re sult should hold true for the expected link-free definition of QHI (see 
Remark 5.6); then, let u s as sume that also the QHI His[{M) of M are well-defined. 
The Volume Conjecture 3.2 for (IT, p) can be repeated verbatim for these invariants 
of cusped manifolds. 


9.2 About the Volume Conjecture for the colored Jones in¬ 
variants Jn{L) 

Recall that Kashaev’s Volume Conjecture , reformulated in terms of the (suitably 
normalized) colored Jones invariants Jn{L) of links in by Murakami-Murakami, 
states that for an hyperbolic knot L we have 


hm (27r/iV)log(|Jw(T)!) = Vol(M) , 

AT—»-oo 


where M is the cus ped manifold given by the hyperbolic complement of L in . 
Due to Remark |8.3|, one has: 


The Volume Conjecture 8^ for H^iW, L, p) is not compatible with the one stated 
above for Jn{L) if one also assumes (as it is currently done, see that Jn{L)^ 
coincides with Hn{S^, L, po)^, where po is the necessarily trivial character. 


We guess that: 

(1) the last assumption above is not correct (we will elaborate on this point in |^). 

(2) The Volume Conjecture for Jn(L) makes sense only if it could be related to 
Conjecture ^.2| for general cusped manifolds. At least they are formally compati¬ 
ble. However, for the moment, we do not see a systematic way to identify (even 
asymptotically) Jn{L) and Hn{M), where M is the cusped manifold \ L. 

(3) A consistent relationship between all these Volume Conjectures could be ob¬ 
tained thanks to Thurston’s hyperbolic Dehn filling and double limit procedure. 
Indeed, let M be a cusped manifold and {Wn, Ln, Pn) be a sequence of compact 
hyperbolic Dehn fillings of M converging to M. Here, denotes the link made 
of the short simple geodesics in IT„ forming the cores of the fillings, and is the 
holonomy of the hyperbolic manifold IT„. Presumably, one has 


R(Wn, Pn) -> R(M) ,71^00, 


and for every fixed N also 

HN{Wn,Ln,Pn) -, 71 -> OO . 

So, following Conjecture by taking a ‘double limit’ we are led to: 
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Conjecture 9.2 The dominant term of the asymptotic expansion when n, N ^ 
oo of {HN{Wn, Ln, Pn)) is equal to exp((iV^/2i7r)R(M)), up to multiplication by 
integer powers of exp (in/12). 

The Volume Conjecture for Jn seems to be corroborated by few numerical com¬ 
putations, obtained via a quite formal and ‘optimistic’ use of the stationary phase 
method. We also guess that the above considerations could help to have a correct 
understanding of the meaning of those formal manipulations. 
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